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Abstract: The new arguments based on the Majorana fermions model indicating that
non-completely positive maps can describe open quantum evolution are presented.
2INTRODUCTION
The aim of this note is to provide the contribution to the long debate on the nature of quantum
maps, see [1]-[17]. At the heart of this debate is a hypothesis, supported by some arguments, that
only a subclass of linear unital positive maps - completely positive maps (CP maps) - is relevant
for a description of any physical evolution. This claim is challenged by several authors, see [11]-[13]
and [15]-[17]. Here, we wish to present the model of quantum evolution on a lattice supporting
the claim that completely positive maps do not exhaust all possible dynamical behavior that an
open quantum dynamical system may exhibit. To be more precise, let us recall that the main
approach to the description of time evolution of open systems is based on the so called Nakajima-
Zwanzig projection technique (see [18]-[22]). The main idea of this approach says that if we are
interested in a subsystem defined by some properly chosen family of observables, the dynamics of
the full system should be projected onto the considered subsystem, so in other words we neglect
some correlations and non relevant parameters (usually attributed to reservoir). Subsequently, an
application of certain approximations leads to dynamical semigroups describing the time evolution
of the relevant subsystem. Thus, elimination of unmonitored degrees of freedom in the space of
observables carried out within the scheme of the projection technique yields the dynamics of the
open systems.
Our first remark is that such a procedure, in general, can be irreversible in the sense that
starting from the reduced dynamics one can not always expect the possibility to reconstruct the
full dynamics. In more mathematical terms, it means that not every reduced dynamical map is
extensible to the dynamics of the full system. It should be stressed that any completely positive
(CP for short) map is extensible (see [23]; for a one parameter CP semigroup see [24]).
The next remark is that individual properties of any system are encoded in the proper choice
of the family of its observables. Consequently, each system (or any subsystem) should have
its observables in an algebra with specific properties. A quick review of axioms of Quantum
Mechanics (see [26]-[33]) indicates that C∗-algebraic structure for the set of observables is taken
for its mathematical convenience only. We recall that C∗-algebra is a generalization of the algebra
3of linear bounded operators on a Hilbert space. The properties of operator addition, multiplication,
hermitian conjugation, and the norm are axiomatized in a prescribed way. On the other hand,
it seems that the structure of Jordan algebra is a more fundamental concept. Here, a Jordan
algebra B (to be more precise we restrict ourselves to JC-algebras) stands for a norm closed real
vector space of bounded self-adjoint operators on a complex Hilbert space which is also closed
with respect to anticommutator, i.e. under the Jordan product, i.e.
a ◦ b = 1
2
(ab+ ba), a, b ∈ B (1)
However, in all physical models, the Jordan algebra of a physical system can be embedded in
the corresponding C∗-algebra structure. We will use this remark in the construction of our model.
These observations can be combined with the very deep Størmer’s result stating that the nature
of positivity of a certain class of linear maps on an algebra can be linked with algebraic properties
of their images [34]. To quote this result we recall that the set of all positive maps, in general,
contains a proper subset of maps which are called decomposable. These maps α : A → B(H),
can be represented as a sum of CP map and a co-CP map (co-CP map is the composition of CP
map with the transposition τ), i.e. α = α1 + τ · α2 where αi are CP maps. Størmer has proved
that a linear unital positive map P on the algebra A such that P · P = P (a projection) is a
decomposable map if only if the Jordan algebra associated with the image of the map P (A) is the
reversible one (so it is closed with respect to the product {a1, a2, ..., an} ≡ a1a2...an + an...a2a1,
n = 1, 2, ..). In other words, if P (A) is not a reversible Jordan algebra then the projection P is
not a decomposable map. This observation leads to a natural question about examples of non-
reversible Jordan algebras. To answer this question, we recall the construction of spin factors. To
this end, we define a spin system S to be a collection of nontrivial symmetries, i.e. anticommuting
operators on a Hilbert space such that
s · s = I, s = s∗, s 6= ±I, s ◦ t = 0 (2)
for any s, t ∈ S. Clearly, on two dimensional Hilbert space C2, Pauli matrices provide an example
of spin system. Then, the spin factor F is defined as the smallest unital JC algebra containing the
spin system.
4Most of spin factors are not reversible. More precisely, only spin factors of dimension less
than 4 are reversible. The six dimensional spin factor admits both reversible and non-reversible
representations. The rest are non-reversible. Summarizing: if one constructs a projection onto a
spin factor of dimension larger than six, such projector is a positive, nondecomposable map. We
will use this observation in Section 2.
Turning to the question of dynamical maps on a subsystem we emphasize that exactly the
concept of a projection map is in the heart of Nakajima-Zwanzig’s prescription (briefly reviewed
above) and the Nakajima-Zwanzig approach is the basic ingredient of the theory of open systems!
Consequently, properties of reduced dynamical maps may depend on the corresponding properties
of projections.
Taking into account these remarks in the description of wide class of lattice models we will
show, in the next section, that there is a possibility to present concrete models of physical systems
with the reduced dynamics given by linear positive unital non-decomposable maps. The paper is
closed with concluding remarks given in the third section.
MODEL
Let Σ stand for the one dimensional lattice system. Assume that at each site x of the lattice
Σ the algebra of observables Ax is given by the set of all 2 × 2 matrices, i.e. Ax ≡ M2(C).
The algebra of observables AΛ associated with some bounded region Λ of the lattice Σ is given
by AΛ = ⊗x∈ΛAx ≡ ⊗x∈ΛM2(C). Let Λ ⊆ Λ′ ⊂ Z, then AΛ can be embedded into AΛ′ by
IΛ,Λ′ : AΛ → AΛ ⊗ IΛ′\Λ. Finally, the algebra of the whole system Σ is given by the inductive
limit A = limΛ→Z (AΛ, IΛ,Λ′ ).
To describe systems with interactions we need to introduce a notion of an interaction potential.
To this end we denote by F the family of bounded regions in Z. A family Φ ≡ {ΦX ∈ AX}X∈F
of selfadjoint operators such that
‖Φ‖1 ≡ sup
i∈Z
∑
X∈F
X∋i
‖ΦX‖ <∞ (3)
will be called a (Gibbsian) potential. A potential Φ ≡ {ΦX}X∈F is of finite range R ≥ 0, iff
5ΦX = 0 for all X ∈ F , diam(X) > R. The corresponding Hamiltonian HΛ, Λ ∈ F , is defined by
HΛ ≡ HΛ(Φ) ≡
∑
X⊂Λ
ΦX (4)
In particular, it is an easy observation that any finite range and nearest-neighbour interactions
fall into the considered class of systems. The Hamiltonian dynamics for a finite region Λ is defined
as the following automorphism group associated to potential Φ
αΛt (a) ≡ e+itHΛae−itHΛ (5)
for a ∈ A. If the potential Φ ≡ {ΦX}X∈F satisfies also
||Φ||exp ≡ sup
i∈Z
∑
X∈F
X∋i
eλ|X|||ΦX || <∞ (6)
for some λ > 0, then the following limit exists, [35],
αt(a) ≡ limαΛt (a) (7)
for every a ∈ A0 ≡ ∪Λ∈FAΛ. Consequently, the specification of local interactions leads to the
well defined global dynamics provided that (6) is valid. Hence, we defined the dynamical system
associated to Σ
(A, αt, t ∈ R) (8)
Obviously, as each αt, t ∈ R is a ∗-automorphism, the dynamics in (8) is given by completely
positive maps.
Now, we wish to define a fermionic subsystem of Σ associated to a fixed arbitrary bounded
region Λ0 ≡ {0, ...,+n} of Z, i.e. a set of anticommuting observables associated with the sites
{0, 1, 2, ..., (n − 1), n} will be singled out. Note, that spins at different sites commute. In the
Fermion algebra, the observables at different sites anticommute instead of commuting as in the
algebra of spins. This is achieved by applying the idea of the Jordan-Wigner transformation [36].
To this end, firstly, we recall definitions of Pauli matrices:
σ0 = I, σ1 =
[
1 0
0 −1
]
, σ2 =
[
0 1
1 0
]
, σ3 =
[
0 i
−i 0
]
.
6They form a spin system i.e.
σi ◦ σj = δijI, i, j = 1, 2, 3. (9)
where ◦ stands for the Jordan product. Further, introducing
σx± =
1
2
(σx1 ± iσx2 ) (10)
where x ∈ Λ0 and σxi denotes the Pauli σi matrix in the x-site, one defines
ax = σ
0
3 ⊗ σ13 ⊗ ...⊗ σx−13 ⊗ σx−, a∗x = σ03 ⊗ σ13 ⊗ ...⊗ σx−13 ⊗ σx+ (11)
Frequently, these operators are used to be written as
ax = σ
x
− · Πx−1y=0σy3 , a∗x = σx+ ·Πx−1y=0σy3 (12)
Clearly
{ax, a∗y} = δxy, {σx+, σx−} = I, [σx+, σx−] = −σx3 (13)
so ax, a
∗
y satisfy canonical anticommutation relations.
To legitimize our construction that there is a spin factor describing a set of observables we note,
following quantum field (or harmonic oscillator) ideas, that one can interpret
φ(f) ≡ 1√
2
(a(f) + a∗(f)) , pi(f) ≡ 1√
2i
(a(f)− a∗(f)) (14)
as “coordinate” and “momentum” observables where f , in the context of quantum field theory,
is a one particle wave function. In the abstract description of canonical anticommutation algebra
(see [35], [31]), such f is considered as an element of an index set (usually associated with some
localization). Here, we adopt this way of thinking. Thus, it is natural to interpret the following
set of operators
φ→ 1√
2
(
σx+ + σ
x
−
) · Πx−1y=0σy3 = 1√
2
σx1 ·Πx−1y=0σy3 (15)
and
pi → 1√
2i
(
σx+ − σx−
) ·Πx−1y=0σy3 = 1√
2
σx2 ·Πx−1y=0σy3 (16)
7where x ∈ Λ0, as representatives of fermionic observables at x, x ∈ Λ0. Now, it is easy to observe
that {σx1 · Πx−1y=0σy3 , σx2 · Πx−1y=0σy3}x∈Λ0 form a spin system, thus they generate a spin factor (see
[41]).
Consequently, we singled out the set of observables forming the subsystem Σ0 associated with
Λ0. It should be noted that such approach to fermionic fields goes back at least to I. E. Segal [37],
[38]. On the other hand, such operators called Majorana fermions play the important role in the
fermionic quantum computation, see [39], [40], e.g. a decoherence-free quantum memory can be
described by certain systems of Majorana fermions ([39]). It seems that such memory could be a
key for the theory of quantum computer.
But, as we noted, the Jordan algebra (not C∗-algebra!) generated by this set of selfadjoint
operators is the non-reversible Jordan algebra (for n larger than 2) - it is a spin factor. Let us
denote this Jordan algebra by A0 and define the projector P : As.a. → A0, i.e. the linear unital
positive map such that P · P = P . It is important to note that such the projection exists by the
Effros-Størmer result [42] and it is a positive, unital non-decomposable map by another Størmer’s
result [34]. Moreover, the projector P does not depend on any reference state (separability of the
reference state is the crucial assumption to get a CP reduced dynamical map, [11], [15]).
Finally, let us turn to the reduced time evolution of observables relevant to subsystem Σ0. The
reduced (according to the projection technique) dynamical maps αΣ0t : A0 → A0 are of the form
αΣ0t = P · αt, t ∈ R+ (17)
It is obvious, that for each t ∈ R+ the maps αΣ0t are positive unital and non-decomposable. We close
this section with a remark that the presented model has many straightforward generalizations,
e.g. to n-dimensional lattice models with n ≥ 1.
CONCLUSIONS
In general, neglecting some degrees of freedom and/or leaving out certain correlations can lead to
“non-reversible” procedure which spoils the extensibility of dynamics of the selected observables.
It is worth pointing out that only CP maps always possess the proper extensions (see [23], [24];
8and such extensibility is the main ingredient of the so called Lindblad argument in favour of
CP maps [4]). If the monitored observables could be embedded into a nuclear C∗-algebra, thus
inclusion of a certain number of non-physical variables would be admissible, then the resulting
dynamical maps are extensible [25]. However, in general, such extensions are far from being the
Hamiltonian type evolution. The question of extension of dynamics is not the only one problem
of extensibility which can be posed. For example, describing fermionic models one can single out
two sets of observables (Jordan algebras), AI1 and AI2 , associated with two disjoint sets of sites
I1 = {n1, ...nk} and I2 = {m1, ...,ml}. However, a joint extension of states of AI1 and AI2 does not
need, in general, to exist (see [43], [44]). Hence, we conclude that extensibility of both dynamics
and states is the very subtle and important question. On the other hand, not taking into account
this question can lead to serious difficulties as for example in [16]. We note that arguments based
on the assignment map (see [12], and [16]) can not be applied to the considered lattice model as
the concept of this map is based on the assumption that a dynamical map of subsystem can be
always be traced back to the full (hamiltonian) evolution.
Secondly, we want to point out that the projection P considered in the second Section is
not, in general, equal to the Umegaki’s conditional expectation (see [45], and [46]). Namely,
by definition, the image of a conditional expectation is a C∗-algebra. P is also not equal to the
generalized conditional expectation in the sense of Accardi-Cecchini [47]. Both types of conditional
expectations would guarantee the complete positivity of such the reduced dynamical maps. So, if
one would pay the price and enlarge the set of selected observables with certain amount of non-
physical quantities then the reduced dynamics to such enlarged subsystem would be completely
positive. Therefore, we conclude that the claim of complete positivity of any dynamical map is
based on its mathematical convenience but, on purely physical grounds, CP-property does not seem
to be absolutely necessary. Moreover, there are some concrete models, e. g. a three-qubit system,
showing evidences in favour of non-CP parts of quantum maps (see [48]).
Thirdly, an analysis of positive maps tempts to relate the obtained results to entanglement. In
the standard setting, CP maps (decomposable, positive) correspond, by duality, to the set of all
states (PPT, separable states respectively) and this correspondence is related to the tensor product
9structure. To indicate, without details, that one can expect similar “tensor product structure” in
the considered model firstly we note that the the tensor product of JC-algebras is defined in terms
of the corresponding (universal enveloping) C∗-algebras. Secondly, the presented model is defined
in terms of one-sided finite lattices. The important point to note is that for a one sided lattice,
contrary to the case of two sided lattice, the identifications of spin (Pauli) algebra ⊗ni=0M2(C)
(⊗n+1i=0 M2(C)) with the fermion algebra AF[0,n] generated by {ai, a∗j}ni,j=0 (AF[0,n+1] respectively) are
compatible with the embeddings AF[0,n] ⊂ AF[0,n+1] and ⊗ni=0M2(C) ⊂ ⊗n+1i=0 M2(C). Consequently,
the (quasi)local structures of spin Pauli algebras and Majorana fermions algebras do not differ
much. But to speak about entanglement one should split a system into two separate parts.
However, this procedure, for Majorana fermions, leads to some problems. Namely, operators ax, a
∗
x
depend on all sites x = 0, 1, ..., x−1. This can be taken as an argument that only “even” elements
are relevant. Furthermore, turning to states on fermions, due to the extension problems mentioned
in the first paragraphs of this section, the concept of entanglement (separability) demands some
elaboration (cf [49]). Summarizing, in the restricted form, one can speak about entanglement for
the considered model.
Finally, we stress that in Section 2 we got the one parameter family of quantum non-
decomposable dynamical maps. To go further and to obtain a dynamical semigroup in the rigorous
way, it would be necessary to perform other steps, for example to leave out the “memory” terms.
But, as far as we know, this question is at the present far from being solved. However, for many
physical problems, models with a discrete time evolution are acceptable.
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